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1. Introduction
In the literature the sub-Riemannian analogue of Riemannian Laplacians is Ho¨rmander
sum of squares of vector fields, see [17, 24, 2, 33, 27, 15, 31, 32, 13, 25, 26] and references
therein. Let M be a smooth manifold of dimension m endowed with a smooth distribu-
tion (horizontal bundle) Σ of dimension k with k < m. If we a prior equip Σ with an
inner product gc (sub-Riemannian metric), we call (M,Σ, gc) a sub-Riemannian manifold
with the sub-Riemannian structure (Σ, gc). If Σ is integrable, it is just the Riemannian
geometry. We will assume Σ is not integrable. A piecewise smooth curve γ(t), t ∈ [a, b]
in M is horizontal if γ˙(t) ∈ Σγ(t) a.e. t ∈ [a, b]. The length ℓ(γ) of the horizontal curve
γ(t), t ∈ [a, b] is the integral
∫ b
a
gc(γ˙(t), γ˙(t))dt. Denote by Σi the set of all vector fields
spanned by all commutators of order ≤ i of vector fields in Σ and let Σi(p) be the subspace
of evaluations at p of all vector fields in Σi. We call Σ satisfies the Chow or Ho¨rmander
condition if for any p ∈ M , there exists an integer r(p) such that Σr(p)(p) = TpM (the
least such r is called the degree of Σ at p). If moreover Σi is of constant dimension for
all i ≤ r, Σ and also (M,Σ, gc) are called regular. If M is connected and Σ satisfies the
Ho¨rmander condition, the Chow connectivity theorem asserts that there exists at least one
piecewise smooth horizontal curve connecting two given points (see [6, 1, 21]), and thus
(Σ, gc) yields a metric (called Carnot-Carathe´odory distance) dcc by letting dcc(p, q) as the
infimum among the lengths of all horizontal curves joining p to q. Let {X1, · · · , Xk} be an
orthonormal basis of Σ. The Ho¨rmander operator is  =
∑k
i=1X
2
i +X0 where X0 ∈ Γ(Σ)
is a horizontal vector field. It is easy to see that the operator  in general depends on
the choice of orthonormal bases. Thus  is not intrinsic to the sub-Riemannian structure
(Σ, gc). Recall that the Riemannian Laplacian on a Riemannian manifold is a Riemann-
ian invariant. Montgomery in [21, p.142] proposed the question whether there exists a
canonical sublaplacian in the sub-Riemannian case. As observed by [21], this question is
equivalent to the existence of a canonical measure µ: the canonical sublaplacian ∆̂ and µ
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should satisfy
−
∫
M
(∆̂f)gdµ =
∫
M
gc(∇
Hf,∇Hg)dµ
for any smooth functions f, g with compact support, where ∇Hf is the horizontal gradient
of f : gc(∇
Hf,X) = Xf for any horizontal vector field X ∈ Γ(Σ).
The importance of the study of sublaplacians on sub-Riemannian manifolds lies in the
conjectured close relationship between spectral asymptotics of sublaplacians and sub-
Riemannian geodesics (in particular singular curves), see [21, 22] and references therein.
This note is devoted to a rudimental study of sublaplacians. We will give a notion of
sublaplacians for general sub-Riemannian manifolds, or the sublaplacian for fat sub-
Riemannian manifolds. We recall that a sub-Riemannian manifold (M,Σ, gc) is fat if Σ
is strong-bracket generating, that is, for each p ∈ M and each nonzero horizontal vector
v ∈ Σp we have
Σp + [V,Σ]p = TpM
where V is any horizontal extension of v. This notion is defined using the truncated
connection (called horizontal connection). Given a complement Σ′ of Σ: TM = Σ
⊕
Σ′,
then with respect to this decomposition there exists a unique horizontal connection D on
Σ such that for any X, Y, Z ∈ Γ(M)
(1) Xgc(Y, Z) = gc(DXY, Z) + gc(Y,DXZ)
(2) DXY −DYX = [X, Y ]
H,
where [X, Y ]H denotes the projection on Σ of [X, Y ], see [29, 13] for details. We define
∆H := divH ◦ ∇H
where the horizontal divergence operator is defined as divHX :=
∑k
i=1 gc(DXiX,Xi) for
X ∈ Γ(Σ) and an orthonormal basis {Xi}
k
i=1. The operator ∆
H depends only on (Σ, gc)
and the decomposition. In many cases such as nilpotent groups, contact manifolds, prin-
cipal bundles with connections, and Riemannian submersions, there exists a ‘natural’
decomposition of TM . In particular when the sub-Riemannian metric gc is the projection
on Σ of a Riemannian metric g, TM can be orthogonally decomposed as TM = Σ
⊕
Σ′.
Conversely, given a decomposition, we always can extend gc to a Riemannian metric g
such that the decomposition is orthogonal. Note that such extensions are not unique. Let
g be any such extension. Then for any X, Y ∈ Γ(Σ)
DXY = P(∇XY )
where ∇ is the Riemannian connection of g and P denotes the projection on Σ, see [29].
As stated above the defined ∆H depends on the splitting of the tangent bundle. This
makes the problem delicate. We remark that for some cases such as nilpotent groups with
grading Lie algebra and contact Riemannian manifolds, there is a canonical notion of the
sublaplacian. Recall that the sub-Riemannian geometry of (M,Σ, gc), i.e., the geometry
of (M, dcc), depends only on the sub-Riemannian structure (Σ, gc), not on complements of
Σ or extensions of gc. Our motivation to study sublaplacians or weakly convex function
on sub-Riemannian manifolds is to extract information about sub-Riemannian geometry
as much as possible by exploring functions or invariants defined intrinsicly. What should
a canonical complement of Σ, and then a canonical orthogonal extension of gc be? For
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instance, in our opinion it is desirable (under some conditions imposed on Σ and topology
of M) to find a complement of (regular) Σ and then to select an extension g of gc such
that the Riemannian measure of g is just the Hausdorff Q−measure of dcc, where Q =∑r
i=1 i(dim(Σi)−dim(Σi−1))(Σ0 = ∅,Σ1 = Σ) is the Hausdorff dimension of (M, dcc). The
following statement is our starting point.
Theorem 1.1. Let (M,Σ, gc) be a sub-Riemannian manifold. Then there exists a com-
plement Σ′ of Σ, TM = Σ
⊕
Σ′, such that for this decomposition there is an orthogonal
extension g of gc and an orthonormal basis {T
′
1, · · · , T
′
m−k} of Σ
′ satisfying
P(∇T ′
β
T ′β) = 0, β = 1, · · · , m− k (1.1)
where ∇ is the Riemannian connection of g. Moreover, if for any local frame of TM ,
{X1, · · · , Xk, T1, · · · , Tm−k}, where {X1, · · · , Xk} is a basis of Γ(Σ), the matrix [C
β
ij] is
invertible for β = 1, · · · , m− k, where Cβij are the coefficients satisfying
[Xi, Xj] =
k∑
a=1
CaijXa +
m−k∑
β=1
C
β
ijTβ, (1.2)
then such complement is unique.
In general, the condition in Theorem 1.1 guaranteeing the uniqueness of the complement
is very strong. For most cases it is impossible. In fact this condition is just the strong-
bracket generating condition for Σ, see Proposition 2.1. We recall that contact structures
of contact manifolds are fat.
The following theorem motivates our definition of sublaplacians, see Definition 2.6.
Theorem 1.2. Let (M,Σ, gc) be a sub-Riemannian manifold. Assumme TM = Σ
⊕
Σ′ be
a splitting and g an orthogonal extension of gc. Denote by dvol the Riemannian measure
of g and by H⊥ the mean curvature of Σ′. Let u be a positive, smooth function on M . Set
dµ = udvol. Then
−
∫
M
(∆He)fdµ =
∫
M
gc(∇
He,∇Hf)dµ
holds for any e, f ∈ C∞0 (M) if and only if ln u is the horizontal potential of H
⊥, i.e.,
∇H(lnu) = H⊥. (1.3)
Here the mean curvature H⊥ of Σ′ is defined as
H⊥ :=
m−k∑
β=1
P
(
∇TβTβ
)
=
m−k∑
β=1
k∑
i=1
g
(
∇TβTβ , Xi
)
Xi,
where {Xi}
k
i=1, {Tβ}
m−k
β=1 are orthonormal bases of Σ, Σ
′ respectively. We note that for
given Σ′ and g, equation (1.3) is not soluble in general. But by Theorem 1.1, we always
can choose an orthogonal extension of gc such that (1.3) is soluble for H
⊥ = 0, if (M,Σ, gc)
satisfies the assumption in Theorem 1.1.
The paper is organized as follows. In the next section after proving Theorem 1.1, 1.2,
we give the definition of sublaplacians. Several canonical examples are given. It turns
out that our definition is compatible with the canonical sublaplcians in the literature. At
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the end of Section 2, a Hopf type theorem is proven for closed sub-Riemannian manifolds.
The last section is devoted to the closed eigenvalue problem on compact sub-Riemannian
manifolds.
2. Proofs, examples, and basic properties of sublaplacians
Proof of Theorem 1.1. Let {X1, · · · , Xk, T1, · · · , Tm−k} be any local frame of TM ,
where {X1, · · · , Xk} is an orthonormal basis of Γ(Σ). Extend gc to a Riemannian metric
g¯ such that {Tβ}
m−k
β=1 is orthonormal. Denote by ∇¯ the Riemannian connection of g¯. Then
for β = 1, · · · , m− k,
F¯β := P(∇¯TβTβ) =
k∑
i=1
g¯(Tβ, [Xi, Tβ])Xi.
Let Σ′ be any complement of Σ and {T¯β}
m−k
β=1 be a local basis of Σ
′. Then
T¯β =
k∑
i=1
A¯iβXi +
m−k∑
α=1
BαβTα
for smooth functions A¯iβ and B
α
β . Since {T¯β}
m−k
β=1 is a basis of Σ
′, the matrix [Bαβ ] is
invertible. Denote by [Kαβ ] the inverse matrix of [B
α
β ]. Setting
T ′β : =
m−k∑
α=1
Kαβ T¯α
=
m−k∑
α=1
k∑
i=1
Kαβ A¯
i
αXi +
m−k∑
α=1
m−k∑
γ=1
KαβB
γ
αTγ,
i.e.,
T ′β =
k∑
i=1
AiβXi + Tβ, where A
i
β =
m−k∑
α=1
Kαβ A¯
i
α,
then {T ′β}
m−k
β=1 is also a basis of Σ
′. Now extend gc to a Riemannian metric g such that
{T ′1, · · · , T
′
m−k} is orthonormal with respect to g. Noting that
[Xi, T
′
β] = [Xi,
k∑
j=1
A
j
βXj + Tβ]
=
k∑
j=1
A
j
β[Xi, Xj] + (XiA
j
β)Xj + [Xi, Tβ],
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we have for β = 1, · · · , m− k
P(∇T ′
β
T ′β) =
k∑
i=1
g(T ′β, [Xi, T
′
β])Xi
=
k∑
i=1
g
(
T ′β,
k∑
j=1
A
j
β [Xi, Xj] + (XiA
j
β)Xj + [Xi, Tβ]
)
Xi
=
k∑
i=1
g
(
T ′β,
m−k∑
α=1
{
k∑
j=1
A
j
βg([Xi, Xj], Tα) + g([Xi, Tβ], Tα)
}
T ′α
)
Xi
=
k∑
i=1
(
k∑
j=1
A
j
β g¯([Xi, Xj], Tβ) + g¯([Xi, Tβ], Tβ)
)
Xi
Thus P(∇T ′
β
T ′β) = 0 if and only if
k∑
j=1
A
j
β g¯([Xi, Xj], Tβ) = −g¯(F¯β, Xi) (2.1)
for any i = 1, · · · , k. The first part is from elementary knowledge of linear algebra.
Since Cβij = g¯([Xi, Xj], Tβ), the uniqueness follows from (2.1) and the assumption that the
matrix [Cβij] is invertible for any β. 
Proposition 2.1. Let Σ be a distribution of M . Then Σ is strong-bracket generating if
and only if for any local frame of TM , {X1, · · · , Xk, T1, · · · , Tm−k}, where {X1, · · · , Xk}
is a basis of Γ(Σ), the matrix [Cβij] is invertible for β = 1, · · · , m − k, where C
β
ij are the
coefficients satisfying (1.2).
Proof. Denote by Σ⊥ be the set of all sections in T ∗M annihilating Σ. By the Cartan
formula
dω(X, Y ) = X(λ(Y ))− Y (λ(X))− λ([X, Y ]),
it is easy to verify that Σ is strong-bracket generating if and only if dω : Γ(Σ)×Γ(Σ)→ R
is nondegenerate for any ω ∈ Σ⊥, see e.g. [21, p.70]. Now assume Σ be strong-bracket
generating. For a given frame {X1, · · · , Xk, T1, · · · , Tm−k} of TM , for β = 1, · · · , m− k
we choose ωβ ∈ Σ⊥ such that ωβ(Tα) = δβα. Then the nondegeneracy of ω
β implies the
matrix [Cβij] = −[λ
β([Xi, Xj])] is invertible.
Conversely if 0 6= ω ∈ Σ⊥, then we can choose a frame {X1, · · · , Xk, T1, · · · , Tm−k}
such that {X1, · · · , Xk} is a basis of Γ(Σ), ω(T1) = 1 and ω(Tβ) = 0 for β 6= 1. The
nondegeneracy of [C1ij] implies the nondegeneracy of ω on Γ(Σ). 
If we write out ∆H in terms of horizontal vector fields, we see that ∆H is a Ho¨rmander
operator. In fact, we have
Lemma 2.2. Let {Xi}
k
i=1 be any orthonormal basis of Σ. Then ∆
H =
∑k
i=1(X
2
i −DXiXi).
Thus by [17] ∆H is hypoelliptic if M is connected and Σ satisfies the Ho¨rmander
condition. We will use the following technical lemma.
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Lemma 2.3. Let M,Σ,Σ′, g, gc be as in Theorem 1.2. For ǫ > 0, let gǫ be the Riemannian
metric gǫ = gc
⊕
ǫ2g′ where g′ := g|Σ′. Denote by ∆ǫ the Riemannian Laplacian of gǫ.
Then
lim
ǫ→+∞
−∆ǫ = −∆H +H⊥
Proof. Denote by ∇ǫ the Riemannian connection of gǫ. Assume {X1, · · · , Xk, T1, · · · ,
Tm−k} an orthonormal basis with respect of g. Then {X1, · · · , Xk, 1ǫT1, · · · ,
1
ǫ
Tm−k} is
an orthonormal basis with respect to gǫ. For any smooth function f , by definition and
Lemma 2.2 we get
∆ǫf =
k∑
i=1
(
X2i −∇
ǫ
Xi
Xi
)
f +
1
ǫ2
m−k∑
β=1
(
T 2β −∇
ǫ
Tβ
Tβ
)
f
= ∆Hf +
k∑
i=1
B(Xi, Xi)f +
1
ǫ2
m−k∑
β=1
(
T 2β −∇
ǫ
Tβ
Tβ
)
f,
where
B(Xi, Xi) =
m−k∑
β=1
gǫ
(
∇ǫXiXi,
1
ǫ
Tβ
)
1
ǫ
Tβ =
1
ǫ2
m−k∑
β=1
gc(Xi, [Tβ, Xi]
H)Tβ
and
∇ǫTβTβ = (∇
ǫ
Tβ
Tβ)
H + (∇ǫTβTβ)
⊥
=
k∑
i=1
gǫ(∇ǫTβTβ, Xi)Xi +
m−k∑
s=1
gǫ
(
∇ǫTβTβ ,
1
ǫ
Ts
)
1
ǫ
Ts
= ǫ2
k∑
i=1
g(Tβ, [Xi, Tβ])Xi +
1
ǫ2
m−k∑
s=1
gǫ
(
∇ǫTβTβ, Ts
)
Ts
= ǫ2H⊥ +
m−k∑
s=1
g(Tβ, [Ts, Tβ])Ts.

Remark 2.4. (1), Some authors called ∆¯H := ∆H−H⊥ sublaplacian, [11, 13]. If H⊥ 6= 0,
∆¯H explicitly depends on g′. (2), the penalty metric gǫ is very useful in sub-Riemannian
geometry. The reason is that when Σ satisfies the Ho¨rmander condition and M is con-
nected, (M, dǫ) (dǫ is the Riemannian distance corresponding to gǫ) converges to (M, dcc)
in the sense of Hausdorff-Gromov, e.g. [20, 14, 21].
Proof of Theorem 1.2. Let gǫ as in Lemma 2.3. Denote by d(vol)ǫ the Riemannian
volume element of gǫ. It is easy to show that
d(vol)ǫ = ǫm−kdvol. (2.2)
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Let e, f be any smooth (or Sobolev) functions with compact support. We abuse the
notation to denote by ∇ǫf the Riemannian gradient of f with respect to gǫ. Noting that
∇ǫf = ∇Hf +
1
ǫ2
m−k∑
β=1
(Tβf)Tβ
and hence
gǫ(∇ǫe,∇ǫf) = gc(∇
He,∇Hf) +
1
ǫ2
m−k∑
β=1
(Tβe)(Tβf),
from (2.2) and the Green formula∫
M
(−∆ǫe)fd(vol)ǫ =
∫
M
gǫ(∇ǫe,∇ǫf)d(vol)ǫ
we derive ∫
M
(−∆ǫe)fdvol =
∫
M
{
gc(∇
He,∇Hf) +
1
ǫ2
m−k∑
β=1
(Tβe)(Tβf)
}
dvol. (2.3)
Taking the limit ǫ→ +∞ in (2.3), we by Lemma 2.3 induce∫
M
(
(−∆H +H⊥)e
)
fdvol =
∫
M
gc(∇
He,∇Hf)dvol. (2.4)
Putting f = uf¯(f¯ ∈ C∞0 ) in (2.4), we get
−
∫
M
∆Hef¯udvol +
∫
M
(H⊥e)f¯udvol =
∫
M
gc(∇
He,∇Hf¯)udvol +
∫
M
gc(∇
He,∇Hu)f¯dvol.
Thus
−
∫
M
(∆He)f¯dµ =
∫
M
gc(∇
He,∇Hf¯)dµ, (2.5)
holds if and only if ∫
M
(H⊥e)f¯udvol =
∫
M
gc(∇
He,∇Hu)f¯dvol.
By the arbitrariness of f¯ in the last equation, we deduce that (2.5) holds for any f, f¯ ∈
C∞0 (M) if and only
(H⊥e)u = gc(∇
He,∇Hu)
for any e ∈ C∞0 (M), that is,
H⊥e = gc(∇
He,∇H(ln u)).
Since H⊥ is a horizontal vector field and hence H⊥e = gc(∇He,H⊥), Theorem 1.2 follows.

Corollary 2.5. Let (M,Σ, gc) be a sub-Riemannian manifold. Then there exists a com-
plement Σ′ of Σ such that we can extend gc to some Riemannian metric g and ∆H is a
symmetric operator on C∞0 (M): for any e, f ∈ C
∞
0 (M)∫
M
(−∆He)fdvol =
∫
M
gc(∇
He,∇Hf)dvol =
∫
M
e(−∆Hf)dvol
8 KANG-HAI TAN
where dvol is the Riemannian measure of g.
Definition 2.6. Let (M,Σ, gc) be a sub-Riemannian manifold. Fix a complement of Σ
such that (1.1) holds for some extension g of gc and for some orthonormal basis of g. We
define ∆H (with respect to the splitting TM = Σ
⊕
Σ′) as a sublaplacian of (M,Σ, gc).
When such complement is unique (see Theorem 1.1), we call ∆H the sublaplacian of
(M,Σ, gc).
One of the reasons we define ∆H (not ∆¯H) as a (the) sublaplacian is that ∆H is com-
patible with several notions such as the horizontal Hessian and weakly convex functions
on sub-Riemannian manifolds, see [28]. As already pointed out in the introduction, the
laplacian in Definition 2.6 is defined for few cases. Theorem 1.1 and Proposition 2.1
tell us that the sublaplacian is well defined for fat sub-Riemannian manifolds. This make
the case more interesting because fat sub-Riemannian manifolds are proven to admit no
singular sub-Riemannian geodesics.
Example 2.7 (Carnot groups, [8, 23]). A Carnot group (or a stratified group) G is
a connected, simply connected Lie group whose Lie algebra G admits the grading G =
V1
⊕
· · ·
⊕
Vl, with [V1, Vi] = Vi+1, for any 1 ≤ i ≤ l − 1 and [V1, Vl] = 0 (the integer l
is called the step of G). Let {e1, · · · , em} be a basis of G with m =
∑l
i=1 dim(Vi). Let
Xi(x) = (Lx)∗ei for i = 1, · · · , k := dim(V1) where (Lx)∗ is the differential of the left
translation Lx(x
′) = xx′ and let Tα(x) = (Lx)∗ei+k for α = 1, · · · , m − k. We call the
system of left-invariant vector fields Σ := V1 = span{X1, · · · , Xk} the horizontal bundle
of G. If we equip Σ an inner product gc such that {X1, · · · , Xk} is an orthonormal basis
of Σ, (G,Σ, gc) is a sub-Riemannian manifold satisfying the Ho¨rmander condition which
is guaranteed by the grading of its Lie algebra. The role played by Carnot groups in sub-
Riemannian geometry is similar that by Euclidean spaces in Riemannian geometry, [20].
Thus sub-Riemannian manifolds are also called Carnot manifolds. Fix a Carnot group
G. Because of the grading condition of its Lie algebra, by choosing the natural splitting
of TG and a system of left-invariant vector fields {X1, · · · , Xk} as an orthonormal basis,
we easily deduce that the horizontal connection D has the following simple form
DXY =
k∑
i=1
X(Y i)Xi, for any X, Y =
k∑
i=1
Y iXi ∈ Γ(Σ)
and hence
∆H =
k∑
i=1
X2i .
∆H coincides with the sublaplacian of Carnot groups studied in the literature, see [24, 18, 4]
and references therein. It is clear that ∆H is a symmetric operator on C∞0 (G) →֒ L
2(G, g),
where g is an extension of gc such that {X1, · · · , Xk, T1, · · · , Tm−k} is orthonormal.
Example 2.8 (contact Riemannian manifolds,[34, 3]). Let M be a real 2n+1-dimensional
smooth manifold. An almost contact Riemannian structure (ϕ, ξ, η, g) on M consists of a
(1, 1)- tensor field ϕ, a vector field ξ, a 1-form η, and a Riemannian metric g such that
ϕ2 = −I + η ⊗ ξ, η ◦ ϕ = 0, ϕξ = 0, g(ϕX,ϕY ) = g(X, Y )− η(X)η(Y ),
ON SUBLAPLACIANS OF SUB-RIEMANNIAN MANIFOLDS 9
for any X, Y ∈ Γ(M). It is a contact Riemannian structure if it satisfies Ω = dη (the
contact condition) where Ω(X, Y ) = g(X,ϕY ). Set Σ = ker(η). Then (M,Σ, g|Σ) is a
sub-Riemannian structure and Σ has a natural complement. Let ∇ be the Levi-Civita
connection of g. Then the horizontal connection D is
DXY = ∇XY − η(∇XY )ξ, X, Y ∈ Γ(Σ).
Note that the Levi form
Lη(X, Y ) = −dη(X,ϕY ) = η([X,ϕY ]) X, Y ∈ Γ(Σ)
is nondegenerate. This in particular implies that Σ satisfies the Ho¨rmander condition.
The (generalized) Tanaka-Webster connection ([30]) on (M,ϕ, ξ, η, g) is
∇∗XY = ∇XY + η(X)ϕ(Y )− η(Y )∇Xξ + [(∇Xη)Y ]ξ.
Denote by D the complexification of Σ, i.e., D = D′⊕D
′
where D′ = {X−iϕX,X ∈ Γ(Σ)}
and D
′
is the conjugate of D′. Set h := 1
2
Lξϕ. Then the pair (M,D) is a (strongly pseudo-
convex) CR manifold, (i.e., [D′,D′] ⊂ D′ and the Levi form Lη is positive definite), if and
only if the contact Riemannian manifold (M,ϕ, ξ, η, g) satisfies
(∇Xϕ)Y = g(X + hX, Y )ξ − η(Y )(X + hX).
Let (M,D) be a strongly pseudo-convex CR manifold. Denote by D∗ the restriction on Σ
of the ∇∗, and extend D∗ to the complexified bundle D. Note that D∗ is just the Webster
connection, [34]. Since for X, Y ∈ Γ(Σ), η(X) = η(Y ) = 0, (∇Xη)Y = X(η(Y )) −
η(∇XY ), we have D
∗ = D. Here D is also extended to D. Let {Xα}nα=1 be an orthonormal
complex basis (with respect to the extended metric g) of D′. Then {Xα = ϕ(Xα)}nα=1 is
an orthonormal complex basis of D
′
. For a smooth function f on M , the sublaplacian
studied by [16, 19] is
∆f =
n∑
α=1
fαα + fαα
where
fα = Xαf, fα = Xαf, fαβ = Xβfα −
n∑
γ=1
Γγαβfγ, fαβ = Xβfα −
n∑
γ=1
Γγαβfγ
and Γγαβ = g(D
∗
Xα
Xβ, Xγ), Γ
γ
αβ = g(D
∗
Xα
Xβ, Xγ). Set Yα =
1√
2
(Xα +Xα), Y α =
i√
2
(Xα −
Xα). Then {Y1, · · · , Yn, Y 1, · · · , Y n} is an orthonormal basis of Σ. Now by direct compu-
tation we get from Lemma 2.2
∆ =
n∑
α=1
(Y 2α + Y
2
α −DYαYα −DY αY α) = ∆
H,
since D∗ = D. Thus for strongly pseudo-convex pseudo-Hermitian manifolds our defini-
tion for sublaplacians coincides with the canonical one. Because ∇ξξ = 0 and the Levi
form Lη is nondegenerate, by Corollary 2.5, ∆
H is a symmetric operator on C∞0 (M) →֒
L2(G, g).
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Example 2.9 (Riemannian submersions with minimal fibres, [12]). Let (M, g) and (B, g′
be smooth Riemannian manifolds. A smooth map π : M → B is a submersion if π∗ :
TqM → Tπ(q)B is a surjective linear map for each q ∈ M . The vertical space at q is the
tangent space of the fibre π−1(π(q)): Vq = ker(π∗). The collection of vertical spaces is the
vertical distribution V ⊂ TM . Let Σ be the orthogonal complement of V . M with the
structure (Σ, gc = g|Σ) is a sub-Riemannian manifold. If π∗ : Σq → Tπ(q) is linear isometry
for any q ∈ M , π is called a Riemannian submersion. The Riemannian submersion π
is a harmonic map between (M, g) and (B, g′) if and only if each fibre of π is a minimal
surface, e.g. [12]. If π is a Riemannian submersion with minimal fibres, by Theorem 1.2
we can define a sublaplacian ∆H on (M,Σ, gc) such that ∆H is a symmetric operator on
C∞0 (M) →֒ L
2(M, g).
The above examples show that our notion of sublaplacians covers the canonical ones in
the literature.
Lemma 2.10 (divergence theorem). Let (M,Σ, gc) be a sub-Riemannian manifold. Let g
be the orthogonal extension of gc as in Theorem 1.1. Then for any horizontal vector field
X ∈ Γ(Σ)
divHX = divX (2.6)
where div is the Riemannian divergence of g. Thus if M is moreover compact with bound-
ary (possibly empty), we have for any horizontal vector field X∫
M
divHXdvol =
∫
∂M
g(X, ν)ds (2.7)
where dvol is the Riemannian measure of g, ν is the normal vector field of the boundary
∂M , and ds is the area measure on ∂M induced by g.
Proof. Choose {X1, · · · , Xk, T
′
1, · · · , T
′
m−k} as an orthonormal basis of g, such that (1.1)
holds. Since the (horizontal) divergence is independent of the choice of orthonormal bases,
divX =
k∑
i=1
g(∇XiX,Xi) +
m−k∑
α=1
g(∇T ′αX, T
′
α)
=
k∑
i=1
gc(DXiX,Xi) +
m−k∑
α=1
{
T ′αg(X, T
′
α)− g(X,∇T ′αT
′
α)
}
= divH
where we used (1.1) and the assumption that X is horizontal. (2.7) is from (2.6) and the
classical divergence theorem. 
Theorem 2.11. Let ∆H be a (the) sublaplacian of (M,Σ, gc) in the sense of Definition
2.6. If Σ satisfies the Ho¨rmander condition and M is a closed, connected manifold, then
any horizontal-harmonic function u, i.e. u satisfies
∆Hu = 0,
is constant.
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Proof. Note that
∆Hu2 = 2divH(u∇Hu) = 2gc(∇
Hu,∇Hu) + 2u∆Hu (2.8)
If u is horizontal-harmonic, by (2.6) and (2.8) we get
div(u∇Hu) = gc(∇
Hu,∇Hu)
where div is the Riemannian divergence of some extension g of gc as in Theorem 1.1.
Integrating the last formula, by the green formula in the Riemannian case we induce∫
M
gc(∇
Hu,∇Hu)dvol = 0
since by assumption M is closed. Thus ∇Hu = 0, that is, u is constant along horizontal
curves. The statement follows because Σ satisfies the Ho¨rmander condition and M is
connected, by the Chow theorem [6] any two points can be connected by a piecewisely
smooth horizontal curve. 
3. Eigenvalues of sublaplacians of compact sub-Riemannian manifolds
In this section we always assume (M,Σ, gc) is a compact and regular sub-Riemannian
manifold with smooth (possibly empty) boundary. Let ∆H be a (the) sublaplacian of
(M,Σ, gc) in the sense of Definition 2.6 and g be an orthogonal extension of gc with
respect to the given decomposition as in Definition 2.6. The goal of this section is to
study the eigenvalue problem of ∆H. First we give the definition of horizontal Sobolev
functions on (M,Σ, gc).
Definition 3.1. A function f in L2(M) is called a horizontal Sobolev function if there
exists a horizontal vector filed Y belonging to L2(M) such that the following∫
M
gc(Y,X)dvol = −
∫
M
fdivHXdvol
holds for any horizontal vector field X with compact support on M . Y denoted by ∇Hf
is called the weakly horizontal derivative of f . The set of all horizontal Sobolev functions
is denoted by W 1,2L (M).
Here we call a horizontal vector field is in L2(M) if its coefficients are in L2(M). From
(2.7) the above definition is well-defined. We denote by H1,2(M)(H1,20 (M)) the completed
space of C∞(M)(C∞0 (M)) functions with respect to the norm
||f ||H1,2(M) =
(∫
M
|f |2 + gc(∇
Hf,∇Hf)dvol
) 1
2
.
Lemma 3.2.
(1),H1,2(M) =W 1,2L (M);
(2), the embedding W 1,2L (M) →֒ L
2(M) is compact;
(3), If f ∈ W 1,2L (M) and ∆
Hf = λf for some λ ∈ R, then f must be smooth.
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Proof. Since M is compact, by choosing a smooth partition of unity subordinate to a
finite cover of M , the first two statements are reduced to a local chart case. Let φ : U ⊂
M → V = φ(U) ⊂ Rm be a coordinate chart. Since Σ is regular, φ∗(Σ|U) is also a regular
distribution on V . Then (V, φ∗(Σ|U), g′) is a regular sub-Riemannian manifold, where g′
is the standard Euclidean metric. Now any function in H1,2(U) is pushed forward by φ to
a horizontal weighted Sobolev function in the sense of [10]. Now the first two statements
follow from the corresponding results proven in [10, 9]. The third is standard since ∆H is
a hypoelliptic operator. 
Theorem 3.3. Let M be without boundary. Consider the following closed eigenvalue
problem
−∆Hf = λf. (3.1)
That is, we are looking for all numbers λ for which there exists a nontrivial smooth solution
satisfying (3.1). Then
(1) The set of eigenvalues consists of an infinite sequence 0 ≤ λ1 < λ2 < λ3 · · · ↑ +∞
(2) Each eigenvalue λi has finite multiplicity and the eigenspaces corresponding to
different eigenvalues are L2(M)− orthogonal.
(3) The direct sum of the eigenspaces E(λi), i = 1, · · · is dense in L
2(M).
(4) Let ∆ǫ be as in Lemma 2.3. For each ǫ, denote by λi(ǫ) be the i-th (counting the
multiplicity) eigenvalue of the eigenvalue problem
∆ǫf = λ(ǫ)f.
Then
lim
ǫ→+∞
λi(ǫ) = λi
where λi is renumbered counting the multiplicity.
Proof. By Corollary 2.5, −∆H is a positive and symmetric operator on C∞(M) which is
dense in W 1,2L (M). Thus by the first statement of Lemma 3.2, −∆
H can be extended to a
closed, positive self-adjoint operator onW 1,2L (M), which implies that the spectrum of−∆
H
is contained in R+. It follows from the compactness of the embedding W
1,2
L (M) →֒ L
2(M)
that the resolvent (−∆H−λ)−1 is a compact operator in L2(M). The first three statement
follows from the classical results on the spectral theory of compact operators and from
the third claim of Lemma 3.2, see e.g. [7].
Fukaya in [11] proved the fourth statement for ∆H − H⊥. Since by our choice of the
orthogonal extension H = 0, the statement follows. 
Remark 3.4. (1),The first three claims can also be proven by a variational argument
minimizing the Rayleigh quotient∫
M
gc(∇
Hf,∇Hf)dvol∫
M
f 2dvol
.
(2),For complete sub-Riemannian manifolds, following the lines of [27] it is possible to
develop a theory of heat semi-group of ∆H.
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